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Abstract

Generative image modeling is one of the central but extremely challenging tasks in the
modern unsupervised learning. There are numerous potential applications of probabilistic
density models which are interesting both from theoretical and practical point of view.
Block Pixel Convolutional Neural Networks, or simply Block PixelCNNs, proposed in this
thesis combine approaches of Multiscale PixelCNNs and original PixelCNNs and fill the gap
between them with the purpose to explore the impact made by different group structuring of
the image pixels. Resulting model demonstrates competitive log-likelihood scores compared
to other state-of-the-art generative models on CIFAR-10 and ImageNet datasets. Qualitative
performance of different Block PixelCNNs is explored for the upscaling task on CIFAR-10
dataset.
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Chapter 1

Introduction

Generative image modeling is one of the most active topics in the modern deep learning. Its

numerous practical applications include image compression, inpainting, denoising, deblur-

ring, super-resolution, colorization, generation of images from text descriptions and many

more. Being an unsupervised type of task, image density estimation has access to virtually

endless pool of training data. The challenging part is that images are very high-structural

and high-dimensional objects to model which makes distribution estimation difficult.

There are different approaches to solve this task, and recent breakthroughs in deep learn-

ing allowed to develop models that can generate diverse natural images. PixelCNNs and their

modifications are among the most well-known probabilistic density models. They suggest

to factorize joint pixel distribution as a product of univariate conditional distributions and

order autoregressive pixel dependencies in a raster scan order.

1.1 Motivation

The goal of this work is to improve and generalize PixelCNNs, to explore possible trade-offs

between accuracy and sampling complexity in particular and to gain new insights into image

modeling in general.

The PixelCNN is an autoregressive probabilistic density model that captures the full

generality of pixel inter-dependencies without introducing any independence assumptions.

While achieving state-of-the-art results in density estimation for natural images, due to
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their autoregressive nature they all require O(N) network evaluations to generate a single

image of N pixels which could be costly, especially for images of high resolution (since such

images consist of huge number of pixels). Multiscale PixelCNN, introduced later, addresses

this problem by suggesting to factorize the joint distribution not into per-pixel conditional

factors but rather into four groups of conditionally independent pixels that depend only on

the pixels of the previous groups. Such approach deliberately breaks some dependencies

between pixels but allows to sample pixels of the same group independently from each other,

resulting in O(logN) network evaluations for sampling and significant speedup.

This leads to a reasonable question: is factorization into four groups optimal? What other

trade-offs between quality and generation speed are possible by capturing most, many or some

dependencies but still not all of them? In addition to that, from an implementation point

of view PixelCNNs and Multiscale PixelCNNs differ significantly, and neither of them could

be properly reformulated into another one which is illogical given their common features.

All these issues call for a model that can benefit from both approaches and in which various

speed-accuracy trade-offs can be made, generalizing PixelCNNs and Multiscale PixelCNNs.

This model should be flexible in terms of longevity of pixel dependencies and easy to learn

at the same time. Development of such a model, as a result, is the main purpose of this

thesis.

1.2 Contribution

With the goals set in Section 1.1, a new PixelCNN-type model, named Block PixelCNN,

was developed based on PixelCNN and Multiscale PixelCNN. Unlike original PixelCNN and

similarly to Multiscale PixelCNN, Block PixelCNN can factorize image pixels into predefined

number of equal size groups of conditionally independent pixels to speed up image gener-

ation. Similarly to PixelCNN and unlike Multiscale PixelCNN, Block PixelCNN models

joint distribution using single neural network. Proposed model is, thus, easily scalable from

Multiscale PixelCNN with its 4 groups of pixels to original PixelCNN where the number of

groups is equal to the total number of image pixels, and represents a generalization of both

approaches to modeling joint pixel distribution.
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Development of such a model required conceptually novel architectural components and

corresponding implementations. Source code of a well-known modification of the original

model, PixelCNN++, was used as a basis for proposed Block PixelCNN. However, in order

to introduce group structure of the image pixels ordinary convolutional layers were substi-

tuted with new type of convolutions – dilated block convolutions which are also a part of

contribution of this work.

1.3 Outline

Related work is reviewed in Chapter 2 to place these efforts in the context of other results

in development of generative image models. The model that was used as a basis for this

research, Multiscale PixelCNN, is also described in the same chapter. Thereafter its gener-

alization and improvement are presented in Chapter 3. These changes allow to explore the

properties of PixelCNN-type models and offer a trade-off between model quality in terms

of log-likelihood and image generation time. Chapter 4 presents details and experimental

results obtained during application of proposed models to different datasets. Finally, in

Chapter 5 conclusions and directions for the future work are discussed.
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Chapter 2

Related work

There are a number of different approaches to the generative image modeling task. The

majority of these methods can be divided into three main categories. First category contains

models that tractably model joint pixel distribution. Second category consists of stochastic

latent variable models which do some intractable inference steps for density estimation.

Finally, the third category is represented by generative adversarial networks (GANs), which

do not directly model pixel distributions but provide a way to generate supports for data

distributions. Details regarding PixelCNN and Multiscale PixelCNN models which served

as a basis for the proposed Block PixelCNN, are described below in the Section 2.1.

2.1 Tractable likelihood models

To underline the differences, approaches in this category are divided into two groups: Pixel-

CNNs plus their variations and several conceptually different methods.

2.1.1 Tractable likelihood model zoo

One of the first models that used deep learning approach to solve image modeling task is

Deep Gaussian Mixture Model [Oord and Schrauwen, 2014a]. Deep GMM is a gener-

alization of Gaussian Mixture Model, and it is constructed by stacking multiple GMM-layers

on top of each other which resembles the structure of deep learning architectures. Each
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GMM-layer is a set of linear transformations applied to input feature vectors in a fully-

connected manner. During sampling a single path through all the layers and according

series of linear transformations is considered to obtain a single component in the mixture,

thus every path in the network correspond to a single component in the mixture. These

components are weighted to obtain the final GMM. The authors claim that these layers are

able to efficiently factorize different variations present in natural images (changes in bright-

ness, color, rotations of objects etc.) without the necessity to use an exponential number of

components to model all the combinations of variations, as would do a conventional Gaussian

Mixture model. A special version of Expectation Maximization (EM) algorithm for training

Deep GMM was also proposed in the paper.

Another deep learning framework called Non-linear Independent Component Estima-

tion [Dinh et al., 2014], or NICE, suggests to learn a transformation f of the data such

that in the new space the distribution of the mapping had independent components and,

thus, was factorizable:

pH(f(x)) =
∏
d

pHd(fd(x)). (2.1)

Function f should satisfy two criteria: its Jacobian should be easy to compute and the

function itself should be easily invertible. The change of the variables and the factorization

property result in the following log likelihood of the model:

log pX(x) =
D∑
d=1

log (pHd(fd(x))) + log

∣∣∣∣det
df

dxT

∣∣∣∣ . (2.2)

If one considers pH(h) to be a factorizable prior and chooses its specific form, maximized log

likelihood (2.2) turns into non-linear independent components estimation (NICE) criterion,

and the generation procedure becomes as follows:

h ∼ pH(h), x = f−1(h). (2.3)
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Transformation f , proposed in the paper, consists of splitting x into two blocks (x1:d, xd+1:D)

and applying a transformation that the authors refer to as additive coupling layer :

h1:d = x1:d, (2.4)

hd+1:D = xd+1:D +m(x1:d), (2.5)

where m is an arbitrary complex function implemented via neural network and referred to

as coupling function. The Jacobian of such transformation is a triangular matrix for any m,

so its determinant is easily computed as a product of diagonal elements (in this case, it is

further simplified since diagonal elements are identities). Inverse transformation is trivial

and looks as follows:

x1:d = h1:d, (2.6)

xd+1:D = hd+1:D −m(h1:d). (2.7)

At least three coupling layers are required to allow all dimensions influence each other. Over-

all, the model NICE can be viewed as learning an invertible preprocessing transformation of

the dataset.

This approach was further developed by the same authors in the Real-valued Non-Volume

Preserving transformations, or RealNVP [Dinh et al., 2016]. The ”change of variable”

formula is still the center of the model, as well as coupling layers. However, in this work,

instead of additive coupling layers, the authors introduce affine coupling layers which look

as follows:

h1:d = x1:d, (2.8)

hd+1:D = xd+1:D � exp (s(x1:d)) + t(x1:d), (2.9)

where s and t are scale and translation functions. This transformation has the same benefits

as NICE: Jacobian is a triangular matrix with easy-to-compute determinant, and the inverse

transformation can be easily computed for arbitrary complex and possibly difficult to invert
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functions s and t:

x1:d = h1:d, (2.10)

xd+1:D = (hd+1:D − t(h1:d))� exp (−s(h1:d)) . (2.11)

Two types of masks – checkerboard pattern and channel-wise mask – are proposed for parti-

tioning of x which resulted in masked convolutions. Methods for combining coupling layers

and multi-scale architecture are also discussed in the paper.

Neural Autoregressive Distribution Estimation [Larochelle and Murray, 2011] and

DeepNADE [Uria et al., 2016] are among the first models that considered factorization

of joint pixel distribution into the product of nested univariate conditionals:

p(x) =
D∏
d=1

p(xd|x<d), (2.12)

x<d = [x1, . . . , xd−1]
T , (2.13)

making each output pixel dependent only on the previous input units in terms of arbitrary

fixed order. This property is often referred to as the autoregressive property. All conditionals

in (2.12) are modeled using a single feed-forward neural network, and autoregressive prop-

erty is preserved by masking corresponding input units before computing each output unit.

As a result, evaluation of probability p(x) for a single D-dimensional vector requires O(D)

feed-forward passes of the neural network. In order to be able to model arbitrary conditional

probabilities, in DeepNADE the ordering of the input was treated as a stochastic variable

with a uniform distribution and sampled for each update of the model. Training was done by

maximization of the expected likelihood over the ordering of variables. Such network defines

a factorial number of different models corresponding to different order of dependencies but

with shared parameters.

Authors of Masked Autoencoder for Distribution Estimation [Germain et al., 2015]

also considered autoregressive decomposition of joint pixel distribution (2.12) and suggested

to incorporate it into autoencoders. Autoencoders are feed-forward neural networks designed

for unsupervised learning of low-dimensional latent representation z of initial object x, usu-
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Figure 2-1: Left: Conventional three hidden layer autoencoder. Input in the bottom is
passed through fully connected layers and point-wise nonlinearities. In the final top layer,
a reconstruction specified as a probability distribution over inputs is produced. As this
distribution depends on the input itself, a standard autoencoder cannot predict or sample
new data. Right: MADE. The network has the same structure as the autoencoder, but a
set of connections is removed such that each input unit is only predicted from the previous
ones, using multiplicative binary masks (MW 1

,MW 2
,MV ). These masks ensure that MADE

satisfies the autoregressive property, allowing it to form a probabilistic model, in this example
p(x) = p(x2)p(x3|x2)p(x1|x2, x3). Picture and caption from [Germain et al., 2015].

ally with the purpose of dimensionality reduction. The model is trained so that the output

variables regress the input data, while constraining the hidden layer which leads to learning

of compressed representation of data. To make each output pixel xd dependent only on pre-

vious input pixels x<d one must break computational path between xd and x≥d. The authors

suggest to do it by masking the weights of autoencoder, with different masks corresponding

to different ordering over image pixels. The main advantage of MADE is that evaluating

probabilities requires single feed-forward pass through the network, while additional cost for

simple masking operations is negligible.

2.1.2 PixelCNNs and variations

Pixel Recurrent Neural Networks [Oord et al., 2016c] proposed in 2016 gave rise to

a whole new direction in the area of generative image models. The basis of the model,

once again, is a factorized joint distribution of image pixels (2.12). However, in this model

dependencies between image pixels are modelled in a fixed raster scan order: each pixel
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Figure 2-2: A visualization of the context for image pixels. Each of them depends only on
the previous pixels (in terms of raster scan order) and cannot see any of the future pixels.
Figure from [Oord et al., 2016b].

depends on all pixels above and to the left of it. The ordering of the dependencies is shown

in Figure 2-2.

Another novelty is that all conditionals are modelled only by a convolutional neural network.

Since natural images are represented by RGB (Red, Blue, Green) channels, dependencies

between them also need be taken into consideration. The authors suggest to define an order

over channels and to model each conditional in (2.12) as follows:

p(xd|x<d) = p(xd,R|x<d) · p(xd,G|x<d, xd,R) · p(xd,B|x<d, xd,R, xd,G). (2.14)

In addition to that, each pixel value is modelled as a discrete variable that can take one

of 256 different values. Importantly, during training and evaluation stages the distributions

over the image pixels are computed in parallel, while sampling of new images is a sequential

process where each generated pixel is put back into the network as input to produce the next

pixel. Two types of architectures are proposed in the paper: PixelRNN and PixelCNN.

PixelRNN uses one of two types of LSTM layers: unidirectional Row LSTM or bidirec-

tional Diagonal BiLSTM. The Row LSTM processes the image row-wise from top to bottom,

computing features for the whole row at a time using one-dimensional convolution masked to

prevent it from seeing future pixels. In the Diagonal BiLSTM each of two directions of the

layer processes the image from one corner to the diagonally opposite one, and the features are

computed for the whole diagonal at once. To preserve autoregressive property and to include

only allowed context, skewing and unskewing operations for feature maps are proposed. The

19



Figure 2-3: An example of mask used for the 5x5 convolutional kernel to make sure the
model cannot read pixels below (or strictly to the right) of the current pixel to make its
predictions. Figure from [Oord et al., 2016b].

main difference between these types of LSTM layers is their context: Row LSTM captures

triangular context above the pixel of interest, whereas Diagonal BiLSTM captures the whole

available context (everything above and to the left). In any case PixelRNN has potentially

unbounded dependency field of view, however, this comes with a significant computational

cost. Solution to this would be to make the receptive field large but not unbounded. With

this purpose a PixelCNN version of the model was proposed. PixelCNN uses deep con-

volutional architecture that preserves the spatial resolution. All convolutional kernels are

multiplied by the masks, depicted in Figure 2-3, to prevent pixels from seeing future context.

Successive modelling of colour channels is achieved by splitting the feature maps at every

layer into three parts and adjusting the centre values of the mask tensors. For computa-

tional reasons PixelCNN became much more popular than PixelRNN, even though the latter

demonstrated better log-likelihood results on all datasets.

Further development of the PixelCNN resulted in Gated PixelCNN and Conditional

PixelCNN [Oord et al., 2016b] models. In Gated PixelCNN gated activation units are

added after each masked convolution to imitate LSTM gates which, as the authors assume,

may help to model more complex interactions. Gated activation unit looks as follows:

y = tanh (Wf ∗ x)� σ (Wg ∗ x) . (2.15)

Here ∗ denotes convolutional operation and � – element-wise product, W∗ denote weights.

Conditional PixelCNN goes one step further and adds a high-level image information (e.g.

keypoints, class labels, etc.) coded as a latent vector h to model the conditional distribution
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in a similar way to (2.12):

p(x|h) =
D∏
d=1

p(xd|x<d,h), (2.16)

x<d = [x1, . . . , xd−1]
T . (2.17)

Conditionals are modelled by adding these latent vectors h to the gated units:

y = tanh
(
Wf ∗ x+ V T

f h
)
� σ

(
Wg ∗ x+ V T

g h
)
. (2.18)

Another important issue addressed in this paper was the presence of blind spots in the

receptive field of the original PixelCNNs. Application of a series of masked convolutions,

used in PixelCNNs, resulted in a receptive field which did not fully captured all the pixels

available for prediction of a certain pixel in an autoregressive manner. To solve this problem,

the authors suggest to combine two convolutional network stacks. The first stack (vertical)

models all rows above the current pixel, while the second one (horizontal) models current

row to the left of the current pixel. The stacks are combined by providing output from the

vertical stack of the current layer and the output from the previous layer as input to the

horizontal stack. Blind spots and two-stack structure of the receptive field are shown in

Figure 2-4.

Authors of PixelCNN++ [Salimans et al., 2017] developed their own implementation of

Gated PixelCNN and proposed some modifications that resulted in significant performance

gain in terms of log-likelihood. These modifications can be described as follows:

• Conditionals in (2.12) or (2.16) are modelled using mixture of logistic distributions

instead of 256-way softmax:

p(x|π, µ, s) =
K∑
k=1

πi [σ((x+ 0.5− µk)/sk)− σ((x− 0.5− µk)/sk)] . (2.19)

This approach uses less parameters to model distributions and results in a smooth

optimization objective, compared to discrete distributions obtained by a linear trans-

formation and application of softmax nonlinearity.
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Figure 2-4: Top: PixelCNNs have a blind spot in the receptive field that can not be used to
make predictions. Bottom: Two convolutional stacks (blue and purple) allow to capture the
whole receptive field. Figure and caption from [Oord et al., 2016b].

• Dependencies between colour sub-pixels are also modelled like a factorized joint distri-

bution instead of masking:

p(rd, gd, bd|x<d) =p(rd|µr(x<d), sr(x<d))× p(gd|µg(rd,x<d), sg(rd,x<d))

× p(bd|µb(rd, gd,x<d), sb(rd, gd,x<d)),

µg(rd,x<d) =µg(x<d) + α(x<d) · rd,

µb(rd, gd,x<d) =µb(x<d) + β(x<d) · rd + γ(x<d) · gd.

(2.20)

If logistic distributions in the model had been replaced by mixtures of univariate Gaus-

sians, pixels would have been modelled by mixtures of 3-dimensional Gaussians with

full covariance matrices.

• Spatial resolution preserving convolutions are substituted for strided convolutions fol-

lowed by transposed convolutions. Resulting ”downsampling-upsampling” U-shaped

neural network architecture helps to grow receptive field much faster than in Gated

PixelCNN which contributes to performance gain in terms of both quality and training

speed.

• Finally, the neural network architecture is structured into ResNet blocks [He et al., 2016]

with gated activation units after them. Additional skip connections between blocks of
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Figure 2-5: PixelCNN++ model structure. ”Downward” and ”Downward and rightward”
streams correspond respectively to vertical and horizontal stacks from Gated PixelCNN.
Figure from [Salimans et al., 2017].

the same spatial resolution before and after the bottleneck are added similarly to U-nets

[Ronneberger et al., 2015]. Model structure can be found in Figure 2-5.

All of these PixelCNN-type architectures mentioned above have one common drawback:

generation speed. The necessity to sample images sequentially, pixel by pixel, is a major

bottleneck of this type of generative models. There are works ([Ramachandran et al., 2017,

Oord et al., 2016a]) that suggest caching some activations in the computational graph to

gain certain acceleration, but even with this optimization generation suffers from the same

bottleneck. As pointed out in Multiscale PixelCNN[Reed et al., 2017], ideally one would

prefer to sample image pixels in parallel which would correspond to modeling them as inde-

pendent. But such fully-factorizable models tend to be quite weak in terms of their ability

to capture fine details. The solution could be to deliberately break some (preferably weak)

dependencies between pixels. Instead of using nested univariate conditionals, as in (2.12),

the authors of Multiscale PixelCNN suggest to factorize joint pixel distribution into G dis-

joint equal factors of conditionally independent pixels. Assuming that each factor contains

T pixels, the probabilistic density model turns into

p(x1:G1:T ) =
G∏
g=1

p(x
(g)
1:T |x

(1:g−1)
1:T ). (2.21)

Pixels within each group depend only on the pixels of the previous groups and can now be
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Figure 2-6: Example pixel grouping and ordering for a 4 × 4 image. Pixels of group 1
are modelled using shallow PixelCNN. Pixels of group 2 depend on all pixels from group
1, pixels of group 3 depend on all pixels from groups 1 and 2, and so forth. Figure from
[Reed et al., 2017].

sampled in parallel. In the paper the authors focused on factorization into G = 4 autoregres-

sive groups of pixels. To create group structure, they tile the image with 2× 2 blocks, as in

Figure 2-6. Importantly, now pixels can see some of the context below and to the right of it.

In addition to that, none of the dependencies between neighbouring pixels are modelled as

independent which helps to preserve local image structure. As in previous models, training

and evaluation are computed in parallel, while generation is now autoregressive with respect

to groups. Each of the factors in (2.21) is modelled using a neural network. Two types of

upscaling networks were proposed in the paper. Their details can be found in Figure 2-7.

Greyscale PixelCNN and Pyramid PixelCNN [Kolesnikov and Lampert, 2017] are

among the most recent PixelCNN-type models. The basic idea these two models share is

to introduce auxiliary variables X̂ to the model with data X and to consider their joint

distribution:

p(X, X̂) = p(X̂)p(X|X̂). (2.22)

Factors p(X̂) and p(X|X̂) are modelled using PixelCNN++ architecture. In Greyscale Pix-

elCNN 4-bit per pixel quantized greyscale versions of original images are used as auxiliary

variables X̂ that the true colour images X become conditioned on. This way the authors

decouple shape and colour modeling. In Pyramid PixelCNN X̂ corresponds to a twice lower

resolution view of X which decouples the image model into a sequence of low-res image

model and upscaling model.

24



Figure 2-7: A simple form of causal upscaling network, mapping from a K × K image to
K× 2K. The same procedure can be applied in the vertical direction to produce a 2K× 2K
image. In reference to figure 2, we use this type of network for the group 1→ 2 factor. For
the 1, 2→ 3 factor, we apply the same technique but in the vertical direction, and subsample
the even columns (starting from zero) to get the group 3 pixels. For the 1, 2, 3→ 4 factor, we
first build a 2K × 2K input image with group 4 pixels zeroed. This is fed through a spatial
dimension-preserving ResNet, from which we subsample the output group 4 pixels. (A) In
the simplest version, a deep convolutional network (in our case ResNet) directly produces the
right image from the left image, and merges column-wise. (B) A more sophisticated version
extracts features from a convolutional net, splits the feature map into spatially contiguous
blocks, and feeds these in parallel through a shallow PixelCNN. The result is then merged
as in (A). Note that the entire pathway is trained end-to-end in both cases. Caption and
figure from [Reed et al., 2017].

2.2 Variational models

Compared to the previously reviewed works, methods in this section are united by an idea

to avoid direct modeling of the data distribution. This is achieved by assuming there is some

latent process that generates the data x and representing it in terms of latent variables z

in a joint generative model p(x, z). Careful design of latent structure allows to build rich

models that can be efficiently sampled from but require intractable inference which hinders

the performance.

Variational autoencoders (VAE) were introduced in [Kingma and Welling, 2013]. Its authors

propose a generative model pθ(x, z) = pθ(x|z)pθ(z) with observed data x, its latent repre-

sentation z, and θ are parameters of the model. Posterior pθ(z|x) is called a probabilistic

encoder and likelihood pθ(x|z) is called a probabilistic decoder. Usually true posterior is in-

tractable and requires some approximation qφ(z|x) with variational parameters φ. Posterior
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inference is done by maximization of variational lower bound:

L (θ, φ; x) = −DKL (qφ(z|x)||pθ(z)) + Eqφ(z|x) (log pθ(x|z)) . (2.23)

Initially probabilistic decoders pθ(x|z) modelled pixels x as conditionally independent given

latent representation z. Such approach turned out to be efficient enough for capturing

global image structure, however, it failed to detect small-scale features (texture, sharpness

etc.). This affected both likelihood and sample quality. Another limitation of the original

model was simplicity of posterior approximations qφ(z|x) which also impacted the quality of

inference.

In [Rezende and Mohamed, 2015] the authors propose Normalizing Flows – a powerful

framework for construction of flexible and complex posterior distributions through iterative

procedure. In particular, applying a chain of invertible, smooth mappings ft, one transforms

a random variable z0 with a simple distribution into a random variable zT with arbitrary

complex density:

z0 ∼ q(z0|x), zt = ft(zt−1,x) ∀t = 1, T (2.24)

Probability density function of the resulting variable zT is then computed using Jacobians:

log q(zT |x) = log q(z0|x)−
T∑
t=1

log det

∣∣∣∣ dztdzt−1

∣∣∣∣ . (2.25)

A similar formula of change of variables has already been seen in NICE and Real NVP mod-

els. In fact, both models represent some normalizing flow. NICE is an example of a finite

volume-preserving flow which turned out to be computationally efficient but less powerful

than other types of flows. Real NVP, as implied in the name of the method, is an instance

of a non-volume preserving normalizing flow. The main reason why NICE and Real NVP

were considered in the Section 2.1 and not here is that encoding into the latent variable z

is deterministic, the likelihood remains tractable and is directly optimized, so the training

procedure does not require sampling and variational inference.

Authors of VAE with Inverse Autoregressive Flow [Kingma et al., 2016] further de-

velop this idea and consider a series of inverse autoregressive transformations applied to the
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latent variable z0. The chain is initialized with z0 = µ0 + σ0 · ε, where ε is sampled from

N (0, I). The flow is constructed by applying T consecutive transformations:

zt = µt + σt � zt−1, (2.26)

and is called inverse autoregressive flow (IAF). Each pair of µt and σt is modelled using a

separate neural network structured to be autoregressive w.r.t. zt−1, so that the Jacobians

dµt
dzt−1

, dσt
dzt−1

and, as a result, dzt
dzt−1

were triangular. First two Jacobians have zeros on the

diagonal, while the last one has σt. It all leads to the following density of the final D-

dimensional variable zt:

log q(zT |x) = −
D∑
i=1

(
1

2
ε2i +

1

2
log 2π +

T∑
t=0

log σt, i

)
. (2.27)

Obtained distribution is very flexible and is able to closely fit true posterior. Autoregressive

neural networks used for computing µt and σt include MADE [Germain et al., 2015] and

PixelCNN [Oord et al., 2016c, Oord et al., 2016b].

In Variational Lossy Autoencoder [Chen et al., 2016] authors argue that the latent code

z is generally not used when the decoder p(x|z) is too expressive and explain it by ineffi-

ciency in Bits-Back coding [Hinton and Van Camp, 1993, Honkela and Valpola, 2004]. They

also explain why decoder weakening is required and propose a way to control what kind of

information is placed into latent variables. Proposed model VLAE has learnable prior

parametrized by autoregressive flow (AF) and posterior parametrized by inverse autoregres-

sive flow (IAF) introduced in (2.27), both modelled using PixelCNN [Oord et al., 2016c,

Oord et al., 2016b]. PixelCNN is also used as autoregressive decoder in VLAE. Autoregres-

sive flow for prior distribution is obtained through transformation of continuous noise ε with

density u(ε) using invertible, smooth function (or composition of functions) f : z = f(ε).

Obtained density is log p(z) = log u(ε) + log det dε
dz

.

Concurrently with VLAE, PixelVAE [Gulrajani et al., 2016] was proposed. Similarly to

VLAE, this model considers a VAE with conditional PixelCNN decoder and autoregressive

prior over latent variables.
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Authors of ConvDRAW [Gregor et al., 2016] also use VAE setting as a basis for devel-

opment of their model. Similarly to VLAE, ConvDRAW is a latent variable model of a

lossy image compressor. The difference between these two models lies in their approaches to

compression: VLAE uses autoregressive model to explicitly control what kind of information

should be lost, while ConvDRAW uses so called ”conceptual compression”. The model learns

an hierarchy of latent variables – progressively more abstract representations – and only uses

information stored in its topmost levels. The authors argue that this way the model stores

only high-level information from the image and remains low-level details for generation. One

can change the level of compression by changing the number of stored hierarchy levels. As

for neural network architecture, it also differs a lot from VLAE. No PixelCNN-type models

are used in any part of the network, LSTMs [Hochreiter and Schmidhuber, 1997] are used

for modeling latent representations instead. Decoder models image pixels conditionally in-

dependent given latent variables.

Finally, Deep Diffusion [Sohl-Dickstein et al., 2015] utilizes the idea that remotely resem-

bles Normalizing Flows [Rezende and Mohamed, 2015]. Inspired by non-equilibrium statis-

tical physics, the authors suggest to systematically and slowly destroy structure in a complex

data distribution through an iterative forward diffusion process, modelled with generative

Markov chain, to obtain a simple distribution. In addition to that a finite-time reverse diffu-

sion process with the same trajectory is learned to restore data structure and define gener-

ative distribution. Both direct and reverse Markov transitions are modelled with Gaussian

distributions for continuous data and with binomial for binary data. Training consists of

finding the reverse Markov transitions which maximize the lower bound on the log likeli-

hood, and the task of density estimation is in fact reduced to regression on the functions

that compute mean and covariance for Gaussians sequence or flip probability for Bernoulli

trials.

2.3 Generative adversarial networks

Since their introduction by [Goodfellow et al., 2014] GANs successfully became a very ac-

tive topic related to generative image modelling in general and various tasks associated with
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it. In some sense, they fall in the category of latent variable models discussed above, since

the initial step of generation procedure is also sampling a lower-dimensional latent variable

from a chosen, usually simple distribution. However, compared to all the previously men-

tioned methods GANs do not directly model and predict any data distributions. In GANs

framework two networks are considered: generator G and discriminator D. Generator takes

random samples of latent variables as inputs and outputs a data sample. This sample is

fed to the discriminator network which returns probability of this example being sampled

from the true data distribution. The discriminator is trained to maximize this probability,

and in order to achieve that the generator has to produce data samples that are indistin-

guishable from samples from the true data distribution. This objective was reformulated

by [Goodfellow et al., 2014] as the following two-player minimax game with value function

V (G,D):

min
G

max
D

V (D,G) = Ex∼pdata(x)[logD(x)] + Ez∼pz(z)[log(1−D(G(z)))]. (2.28)

Global optimum of this objective is reached when the generator starts to sample images from

true data distribution.

GAN framework gives an instrument to learn supports of true data distributions without

explicitly modelling them, which is the main conceptual difference of these strategies com-

pared to methods reviewed earlier. This difference leads to various issues both within GANs

and outside of them, including inability to properly compare GANs to probability density

modelling approaches. For these reasons GANs models were left out of scope in this work.
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Chapter 3

Block PixelCNNs

In this chapter an adaptation uniting Multiscale PixelCNNs and PixelCNNs++ is intro-

duced. This adaptation involves development of a specific convolutional operation which

preserves autoregressive nature of feature extraction along different groups of pixels while

being able to successfully grow receptive field both inside each pixel block and across all

blocks in the image. Dilated block convolution is specifically designed to achieve this pur-

pose.

3.1 Pixel groups and blocks

Groups and blocks of pixels were initially introduced by Multiscale PixelCNNs. To allow

parallel sampling of several pixels in an image while still preserving autoregressive properties

they considered dividing images into square blocks each containing 4 pixels. Each union of

pixels, corresponding to the same position in blocks, form a group of pixels (see Figure 2-6

for an example of image being divided into 2 × 2 blocks and according 4 groups of pixels).

Raster scan order is used to enumerate groups of pixels inside blocks similarly to standard

PixelCNNs. In fact, original PixelCNN can be viewed as an extreme case of image grouping

when the number of groups is equal to the total number of pixels in the image. Autore-

gressive property is preserved by conditioning pixels of each group on all the pixels in the

previous groups. However, the division into smallest possible 2×2 blocks and corresponding

4 groups of pixels is not properly justified. Is it possible that image distribution modelling
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(c) 8× 8

Figure 3-1: Division of pixel inputs into blocks and groups. Blocks of sizes 2× 2, 4× 4 and
8× 8 accordingly result into 4, 16 and 64 pixel groups. Different colors are added to visually
underline the stricture of a single group.

might benefit from bigger blocks and higher number of groups, which will form longer au-

toregressive dependencies?

In fact, images of arbitrary size N ×N might be divided into regular blocks using O(log2N)

different options (including size options along both spatial dimensions). All those options

result into corresponding number of pixel groupings that can be used for introduction of

autoregressive dependencies of different lengths. In this work, for simplicity of experiments,

we assumed that images are square with spatial sizes equal to powers of two and we assumed

that all blocks are square as well. In particular, 2 × 2, 4 × 4 and 8 × 8 blocks were consid-

ered, image structure in these cases can be seen in Figure 3-1. However, generalization to

rectangular images and blocks is straightforward.

3.2 Building Block PixelCNNs

To preserve autoregressive dependencies of each pixel on all the pixels in the previous groups,

the model should consider all the blocks of the image, but leave out pixels of higher group

number in them. This could be achieved by a two-stream Pixel Convolutional Network from

PixelCNN++ described in Figure 2-5 with all the convolutions in the network being sub-

stituted with the convolutions which consider current and neighbouring image blocks while

computing output feature maps. Careful construction of operations changing spatial reso-
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(a) receptive field with square
pattern

(b) receptive field with cross
pattern

Figure 3-2: Two simple patterns for neighbouring block inclusions in dilated block convolu-
tion are square and cross patterns. Cross pattern results in a slower growth of receptive field
of Block PixelCNN over the image blocks, however, for small resolution inputs and due to
the presence of down- and upscaling convolutions in the network, this effect is neglectable.
On the other hand, it allows to spend more GPU memory on higher number of convolution
filters / additional convolutions in the network.

lutions of the feature maps is also required to allow spatial down- and upscaling of feature

maps throughout the network.

3.2.1 Dilated block convolutions

Two-stream PixelCNN++ convolutions have already demonstrated the ability to correctly

cover the receptive field for each pixel within a single fully autoregressive pixel patch. In the

paper [Salimans et al., 2017] this fully autoregressive pixel patch was the whole image, and

in our case this is simply one of the blocks depicted in Figure 3-1. However, now for each

considered pixel we need to grow the receptive field not only across the previous pixels within

the current block but also across the neighbouring blocks to ensure the coverage of all the

pixels from the previous groups across the image. To ensure the required coverage, the filters

in the convolution have to be extended to include pixels of the same groups in the neigh-

bouring blocks. Two simple patterns (square and cross) for neighbouring block inclusion and

corresponding growth of receptive fields of Block PixelCNNs are presented in Figure 3-2, and

an example of the convolution with a cross block pattern is shown in Figure 3-3. Proposed
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Figure 3-3: Dilated block convolution with cross neighbouring block inclusion pattern applied
to a red pixel in 16 × 16 input feature maps divided into square blocks of size four. Gray
cells represent blocks of input feature maps. For simplicity, instead of two-streamed, masked
version of convolution is shown. White rows and columns correspond to zero wrapping of
blocks. Blue cells show application of convolution filter parameters to the input and red cell is
the target pixel position for this particular convolution operation. Zero wrapping is required
to prevent mixing of autoregressive features coming from different blocks. Simultaneous
application of such filters to all cells in the input feature maps result into proposed dilated
block convolution.

convolutions visually resemble dilated convolutions introduced in [Yu and Koltun, 2015] but

have blocks instead of single elements in the nodes of dilated convolutional filter. For this

resemblance we will further refer to it as block dilated convolutions.

A naive implementation of such a convolution would consider a dense filter of the size

equal to three block sizes and with weights zeroed out for all the pixels irrelevant to the

target pixel. Such computations would include significant amount of redundant operations.

This complication can be dealt with by considering another implementation. In fact, the

whole operation can be represented as a simple two-stream convolution, as in PixelCNN++,

but with a specific aggregation of the output feature maps. In particular, block dialated

convolutions can be quite efficiently implemented with ordinary convolutions but with nine

times more filters in case of square block pattern, and with five times more filters in case of

cross pattern. After each convolution the intermediate feature map is divided across the last
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dimension into nine or five equal parts, depending on the pattern, and each part is shifted

in its own direction by the number of pixels equal to block size to be eventually aggregated

in the target pixel position. Out of two patterns mentioned in this work, the cross seems

to be a better choice. It efficiently grows the receptive field across blocks while requiring a

considerably less inflation of the number of convolutional filters.

Straightforward application of two-stream convolutions for any intermediate feature maps

will hinder the autoregressive connectivity since it will mix pixel representations residing

near block borders which can accidentally leak information from the pixels of higher groups.

In order to avoid such a mistake, all the blocks have to be interleaved with a single pixel-size

rows and columns of zeros prior to the first convolution. Pixel-size rows and columns are

enough to prevent undesirable spread of information because all convolutional filters used in

the network do not exceed the spatial size 3 × 3. Further, this internal padding has to be

preserved and intentionally zeroed out after each convolution to prevent erroneous mixing

of autoregressive block features.

Thus, to obtain the desired dilated block convolutions with cross block inclusion pattern

we firstly apply (or enforce) zero wrapping to pixel blocks in the input feature maps, then

we compute two-stream PixelCNN++ convolution with the number of output feature maps

equal to the 5×number of input feature maps. After that the output feature maps are divided

into 5 parts corresponding to current and each of the 4 neighbouring blocks in the dialated

cross convolutional filter, and for each pixel in the image these parts are combined by shifting

and summation to obtain the final values of convolution of the input with the sparse filters

mentioned in the naive implementation scheme (see Figure 3-3 for visual explanation of the

proposed convolution).

3.2.2 Spatial up- and downscaling

To ensure rapid growth of the receptive field over the image blocks, it is preferable to use

down- and upscaling operations in the network. However, these operations have to be de-

signed accordingly not to break the autoregressive nature of features. There are two possible

scenarios for spatial downscaling and upscaling when the size of blocks is bigger than two

pixels: first scenario down-/upscale the number or groups, second - the number of blocks
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(when block size reaches 2 pixels).

To obtain downscaling along the number of groups we used dilated block convolution with

stride equal to two. In order to prevent block features mixing and obtain a result with

valid zero wrapping it is required to increase zero wrapping thickness to two pixels. In

that case, after stride two convolution we again obtain feature maps with a single pixel-

wide row/column zero wrapping. Corresponding upscaling in the architecture is obtained

by transposed dilated block convolution.

When the size of the group reaches two such scaling is no longer helpful, since its application

will destroy autoregressive features. Thus, to continue downscaling, block sizes have to be

preserved. This is achieved by standard dilated block convolution which considers every

second row and column of blocks of previous feature maps as an input. To upscale properly

further in the network each input block is upsampled by factor two before application of di-

lated block convolution (different weights in the blocks of convolution filters ensure different

outputs in neighbouring blocks of pixels).

Proposed techniques for down-/upscaling of spatial resolutions of feature maps in the net-

work are independent and can be used in any order. However, it is preferable to maintain

downscaling (and corresponding upscaling) in the following order: feature maps are down-

sampled only by reducing the block size (the first scenario) until it reaches the minimal 2×2

size, and after that downscaling is performed by leaving out every second block column-wise

and row-wise (the second scenario). Such order ensures that the receptive field within each

block covers the whole relevant part of this block first, and only after that aggressive expan-

sion of the block-wise receptive field over the whole image is applied.

Presented neural network building components allow to construct Block PixelCNNs on the

basis of an existing PixelCNN++ architecture. Resulting neural network can model autore-

gressive pixel dependencies of arbitrary length in an efficient manner, allowing the exploration

of models with different ranges of connectivity.
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3.3 Generative Image Model

Previous sections in this chapter were devoted to the implementation of Block PixelCNN.

In this section we define the probabilistic density model used in this thesis.

Similarly to Multiscale PixelCNN, we consider factorization of joint pixel distibution into G

disjoint factors:

p(x1:G1:T ) =
G∏
g=1

p(x
(g)
1:T |x

(1:g−1)
1:T ). (3.1)

Pixels of the same group are modelled as conditionally independent given context from

the previous groups. Each univariate conditional is modelled using a mixture of logistics,

similarly to PixelCNN++ model:

p(x|π, µ, s) =
K∑
k=1

πk [σ((x+ 0.5− µk)/sk)− σ((x− 0.5− µk)/sk)] . (3.2)

Parameters of this mixture for a t-th pixel from group g depend on the context from all the

pixels x1:T of the previous groups (1 : g − 1):
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1:T ) + α(x
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1:T ) · r(g)t ,

µb(r
(g)
t , g

(g)
t ,x

(1:g−1)
1:T ) =µb(x

(1:g−1)
1:T ) + β(x

(1:g−1)
1:T ) · r(g)t + γ(x

(1:g−1)
1:T ) · g(g)t .

(3.3)

In this thesis G = 4, 16, and 64 corresponding to block sizes 2 × 2, 4 × 4 and 8 × 8

respectively were considered. Experimental results obtained with the proposed model will

be discussed in the next chapter.
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Chapter 4

Experiments

4.1 Datasets and experimental setup

The generative image model, proposed in Chapter 3 and referred to as Block PixelCNN, was

evaluated on two datasets: CIFAR-10 [Krizhevsky and Hinton, 2009] and ILSVRC ImageNet

[Russakovsky et al., 2014].

• CIFAR-10 contains 50,000 train samples and 10,000 test samples of 32 × 32 colour

images, with equal number of examples from each of 10 classes, both in train and test

sets.

• ILSVRC ImageNet is an image dataset organized according to the WordNet hier-

archy. On average, 1000 images are provided to illustrate each meaningful concept

in WordNet that is described by multiple words or word phrases. In this work, due

to computational limitations and for comparison purposes, Small ImageNet dataset

was used. Small Imagenet includes downsampled ImageNet images, which can be used

for density estimation and generative modeling experiments. This dataset contains

1,281,150 train and 50,000 test samples of 32 × 32 colour images. Labels are not

provided for these images.

The first dataset, CIFAR-10, was used to explore two variants of the proposed model, striking

different speed-accuracy trade-offs. The first model is referred to as Block PixelCNN without
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within-group interaction and the second model is referred to as Block PixelCNN with within-

group interaction. In addition to that, the second model was evaluated on ILSVRC Small

ImageNet. Proposed models are compared to the state-of-the-art generative models on both

datasets, including latent-variable models and autoregressive ones.

Similarly to all PixelCNN-type models, training and evaluation are performed fully in par-

allel for all pixel positions. During sampling stage Block PixelCNN without within-group

interaction samples pixels sequentially over groups and fully in parallel for all pixels of the

same group. As for Block PixelCNN with within-group interaction, pixel generation is se-

quential over groups and also sequential over pixels of the same group that are situated in

the same quarter of the image.

Loss function used for training and evaluation of the model is negative logistic mixture like-

lihood. As commonly done in practice, results for CIFAR-10 and ImageNet datasets are

reported in bits-per-dimension. It corresponds to normalization of negative log-likelihood by

the dimensionality of the images which is 32× 32× 3 for both datasets. Bits per dimension

can be interpreted as the number of bits required to losslessly compress every RGB value for

an entropy coding scheme optimized for the proposed model [Oord and Schrauwen, 2014b,

Shannon, 2001, Theis et al., 2015].

4.2 Network architectures and optimizantion

The architecture of Block PixelCNN without within-group interaction mimics the structure

of PixelCNN++ architecture, described in Figure 2-5. It consists of six Gated ResNet blocks

with skip connections between every k and 7−k block outputs (k starts from one). To capture

autoregressive interactions among different groups all the convolutions in this architecture

were substituted by dilated block convolutions described in Section 3.2.1. Moreover, spatial

downsampling and upsampling techniques are modified according to Section 3.2.2 to preserve

autoregressive nature of the outputs.

Block PixelCNN with within-group interaction extends this architecture by adding an extra

component which introduces autoregressive dependencies among pixels of a single group in

the regular non-overlapping parts of images. This component is a shallow variation of the
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same PixelCNN++ with two Gated ResNet blocks and regular convolutions being substi-

tuted by dilated convolutions for correct aggregation of features describing the pixels in the

same part of the image and in the same group. Input images are divided into four regular

non-overlapping parts which are used as inputs to this additional sub-network. The output

feature maps are concatenated to the output feature maps of the larger sub-network and

additional 1× 1 convolution is applied to obtain final feature maps which are used for pre-

diction of the distribution parameters. The number of convolutional filters (and, as a result,

the number of intermediate feature maps) remains constant across all the layers and across

both Block PixelCNN sub-networks except for the last layer which has double the number

of feature maps due to concatenation.

The PixelCNN++ implementation provided by the authors of the paper [Salimans et al., 2017]

was used as a basis for all the experiments. Thus, all the models described above were im-

plemented in Python in TensorFlow deep learning framework [Abadi et al., 2015].

All models were trained with Adam [Kingma and Ba, 2014] optimizer with the learning rate

5 ∗ 10−4 and with the hyperparameters β1 = 0.95, β2 = 0.9995. Models used for CIFAR-10

dataset were trained on minibatches of the size 16 and used 85 convolutional filters per layer

in 2 × 2 model and 90 convolutional filters per layer in 4 × 4 and 8 × 8 models. Block

PixelCNN 2× 2 with within-block interaction used for Small ImageNet dataset was trained

on minibatches of the size 32 and used 70 convolutional filters per layer. This choice of hy-

perparameters was based solely on hardware limitations. Models on CIFAR-10 datset were

trained for 100 epochs, while the ImageNet model was trained for 10 epochs.

4.3 Experimental results

This section is devoted to the analysis of Block Pixel CNN models and their performance in

terms of metrics, generation speed and sampled images. Image upscaling was selected as an

example of a generative task.
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without within-group
interaction

with within-group
interaction

Block PixelCNN 2× 2 3.91 3.33
Block PixelCNN 4× 4 3.34 3.25
Block PixelCNN 8× 8 3.25 3.25

Table 4.1: Comparison of negative log-likelihood on the CIFAR-10 test set measured in
bits-per-dim for Block PixelCNNs of different scale and with different type of within-group
interaction.

sampling speed,
sec

speed-up compared
to PixelCNN++

Block PixelCNN 2× 2
without within-group interaction

2.6 ×58

Block PixelCNN 2× 2
with within-group interaction

3.0 ×50

Block PixelCNN 4× 4
without within-group interaction

8.7 ×17

Block PixelCNN 4× 4
with within-group interaction

10.3 ×15

Block PixelCNN 8× 8
without within-group interaction

28.8 ×5

Block PixelCNN 8× 8
with within-group interaction

35.1 ×4

PixelCNN++ [Salimans et al., 2017] 150 ×1

Table 4.2: Comparison of generation time on CIFAR-10 dataset for a minibatch of 16 images
for different Block PixelCNN models on Nvidia Tesla P100 GPU.

4.3.1 Model development and analysis on CIFAR-10

Comparison of Block PixelCNN models

As it has been stated above, two types of Block PixelCNN models have been explored: Block

PixelCNN without within-group interaction and Block PixelCNN with within-group interac-

tion. Both models were trained with 2×2, 4×4 and 8×8 group blocks and with architecture

described in Section 4.2. Bits per dimension achieved on CIFAR-10 test set and sampling

speed for a minibatch of 16 images can be found in Table 4.1 and Table 4.2.

From these tables we can see that, overall, Block PixelCNN with within-group interaction

demonstrates better log-likelihood results than Block PixelCNN without within-group in-

teraction. This is an expected behaviour since the first model captures longer dependencies
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(a) Block PixelCNN 2× 2 without within-group in-
teraction

(b) Block PixelCNN 2 × 2 with within-group inter-
action

Figure 4-1: Upscaling results for random downsampled test images obtained by the Block
PixelCNN 2 × 2 model without/with within-group interaction. In each image first column
show model input; second - ground truth images; third - upsampled image obtained by
bilinear interpolation; fourth - mean of predicted pixel distribution; fifth to eighth - random
samples from predicted distributions.

than the second. Another expected outcome is that with the growth in the number of groups

the difference between models in terms of bits-per-dim becomes more and more negligible

since there are fewer within-group interactions left for the model to capture inside each image

quadrant, and the models become identical. In particular, for the block size 2 × 2 within-

group dependency has the length 64 in a 32×32 image, while for 8×8 block size it is only 4.

At the same time the sampling speed of the models with the same block structure but with

different within-group interaction is of the same order which makes Block PixelCNN with

within-group interactions a better trade-off between log-likelihood and generation speed.

Upscaling task

As we have mentioned in the Chapter 1, generative image models have a lot of possible

applications. Due to the block structure of the Block PixelCNNs, image upscaling seems to

be the most relevant task to test the proposed models on. In our work we used the following

41



(a) Block PixelCNN 4× 4 without within-group in-
teraction

(b) Block PixelCNN 4 × 4 with within-group inter-
action

Figure 4-2: Upscaling results for random downsampled test images obtained by the Block
PixelCNN 4 × 4 model without/with within-group interaction. Columns are aranged in a
manner, similar to Figure 4-1.

(a) Block PixelCNN 8× 8 without within-group in-
teraction

(b) Block PixelCNN 8 × 8 with within-group inter-
action

Figure 4-3: Upscaling results for random downsampled test images obtained by the Block
PixelCNN 8 × 8 model without/with within-group interaction. Columns are aranged in a
manner, similar to Figure 4-1.
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generation procedure: random images were sampled from the CIFAR-10 test set, and for

each model all pixels, except those corresponding to group 1, were zeroed. These objects

were used as input to the tested model which generated the remaining groups starting from

the second. It means that Block PixelCNN 2 × 2 upscales from a 16 × 16 image, Block

PixelCNN 4 × 4 – from a 8 × 8 image and Block PixelCNN 8 × 8 – from a 4 × 4 image.

Figure 4-1, Figure 4-2 and Figure 4-3 show images that were generated by models with and

without within-group interactions using the described procedure. Bilinear interpolation was

used as a baseline for model comparison.

Samples from both versions of Block PixelCNNs 2×2 shown in Figure 4-1 seem to be equally

good. The explanations can be that the initial image is very informative and that the short

dependencies are easier to model once there is no need to pay the price for modeling the first

group. Bilinear interpolation also demonstrates good results, however, the image is quite

blurry and lacks fine details and object texture.

Samples from 4 × 4 models are not as good as from 2 × 2 models but some of the objects

remain recognizable (e.g. the plane in the fifth row). Here the model with within-group

interaction is a little bit less noisy and seems to preserve local structure slightly better than

the model without interaction. For example, the body of an animal in the second row and

the plane in the fifth row have sharper edges and seem to be less deformed in the right

picture compared to the left one. Bilinear interpolation at this scale gets very blurry and

even considerably worse than mean prediction which is also blurry. It is necessary to admit,

though, that objects’ shape can to some extent be seen in these two columns, in some cases

even better than in sampled images (e.g. in the third row).

Finally, samples from 8× 8 do not seem to preserve any information about objects and look

more like purely generated patches with some local correlation. Similarly to previous scale,

the right picture seems to be less noisy. Neither bilinear interpolation nor mean prediction

can offer anything decent in this case. Such a poor performance is understandable if we take

a look at the initial images for Block PixelCNNs 4 × 4 and 8 × 8, especially on the latter.

One may argue that Multiscale PixelCNNs are able to upscale very decently even from 4×4

images, however, all of these models are conditioned on some external information, e.g.

object keypoints. For a lot of PixelCNN-type models conditioning merely on labels already
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total bits per dim
bits per dim

on the first group

bits per dim
on all groups

except the first

Block PixelCNN 2× 2
without within-group interaction

3.91 6.84 2.94

Block PixelCNN 2× 2
with within-group interaction

3.33 4.72 2.87

Block PixelCNN 4× 4
without within-group interaction

3.33 6.84 3.10

Block PixelCNN 4× 4
without within-group interaction

3.25 5.61 3.09

Block PixelCNN 8× 8
without within-group interaction

3.25 6.83 3.19

Block PixelCNN 8× 8
without within-group interaction

3.25 6.71 3.19

Table 4.3: Bits per dimension on CIFAR-10 test set for different Block PixelCNN models.
First column corresponds to bits-per-dim on the whole image. Second column contains bits-
per-dim computed only on image pixels that correspond to group 1 in each Block PixelCNN
model. Third columns contains bits-per-dim computed on all image pixels except pixels of
group 1 in each model.

drastically improves the sample quality, even if the effect on the log-likelihood is negligible

[Oord et al., 2016b, Reed et al., 2017, Salimans et al., 2017]. We thus assume that Block

PixelCNN models could also be visually improved by introducing conditioning on some

global information about the image.

Analysis of group interactions

In this section we are exploring the dependencies among pixels of different groups and among

pixels of the same group in the attempt to understand how block size affects the performance

and if there is a preferable pixel structure that can be induced over the image.

It is reasonable to assume that groups defined over the image pixels are not equivalent in

terms of the impact they have on the model. In particular, pixels of the first group play

an important role of defining the image content and structure, especially during the pure

image generation. Since all subsequent groups depend directly on information provided by

the first group, while the pixels of the first group have no other pixels to rely on, the quality

of modeling the first group of pixels is in direct relation to the overall model quality. All
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Block PixelCNN models that have been considered so far in this thesis factorize pixels of the

first group (as well as pixels of any other group) into independent non-overlapping subsets.

The size of these subsets depends on the model’s block size, the image spatial resolution

and the presence of within-group interactions. This number gets smaller with the increase

in the number of groups or, equivalently, with larger block sizes. Thus, it would be useful to

consider not only the total log-likelihood of the model but also what part of it is contributed

by the pixels of the first group and compare it to contribution from other groups.

Table 4.3 shows negative log-likelihood computed for each Block PixelCNN in bits per di-

mension in three modes: all pixels, pixels of the first group only and all pixels except the

first group. The first thing that catches attention is that all models without within-group

interaction have the same bits-per-dim accounted for the pixels of the first group. It is an

interesting yet expected result. There are no previous groups to get context from, and there

are no connections between pixels inside the group as well, so a price has to be paid for

storing extra bits of information to model the pixels that cannot be modelled in any other

way but remembering. The situation is completely different for pixels of the first group in

models with within-group interaction. First group pixels in the 2× 2 model have the lowest

bits-per-dim which gets larger with an increase in the block size. This can be explained by

the length of partial autoregressive connectivity inside the group. In particular, 2× 2 model

has 64 pixels of the first group in each image quadrant that are modelled autoregressively,

while 8 × 8 model has only 4 such pixels in each quadrant. What is important, bits-per

dim for remaining groups of pixels also grows with the number of groups, even though the

weighted average is decreasing. This might either be a direct consequence of poor modeling

of the first group in larger models or a signal that the shorter connections corresponding

to smaller block sizes are locally more preferable than longer connections, even though on

average bits-per-dim in the latter are lower.

Another angle to look from at the problem of choosing the right number of groups is image

sampling. To compare the models with different block sizes during upscaling we used input

images for other block sizes as inputs for current block size model. Figure 4-4, Figure 4-5

and Figure 4-6 show results of such cross-upsampling. In Figure 4-4 one can see how Block

PixelCNN 2 × 2 with within-group interactions upscales 8 × 8 and 4 × 4 initial images. In

45



(a) upscaling inputs downsampled to 8×8 pix-
els

(b) upscaling inputs downsampled to 4×4 pix-
els

Figure 4-4: Upscaling results for random downsampled test images obtained by the Block
PixelCNN 2 × 2 model with within-group interactions. In each image first column show
model input; second - ground truth images; third - mean of predicted pixel distribution;
fourth to seventh - random samples from predicted distributions.

both cases the generation procedure is divided into two steps: during the first step the model

upsamples to 16×16 image by sampling from the first group in the necessary image positions,

and during the second step an ordinary upscaling from 16 × 16 input image is performed.

Moderate performance on the 8 × 8 is somewhat comparable to upscaling performance of

4 × 4 model with within-group interaction on the same input in Figure 4-2. Some objects

look better upsampled by 4 × 4 model (e.g. the plane in the fifth row) while some look

better upsampled by 2× 2 model (e.g. the truck in the last row). As for the right figure, the

2 × 2 model failed completely to capture any content in the subsampled inputs. Obtained

images represent 4 disjoint patches which is a direct result of factorization approach used in

Block PixelCNNs where pixels of the same group are modelled autoregressively within each

distinct quadrant, while the quadrants themselves stay independent from each other.

Similar artifacts can be found in the Figure 4-5(b) where 4 × 4 model upsamples the same

4× 4 input. However, in this case the models demonstrates the attempts to generate some
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object (e.g. in the second and fifth rows), even though some of these attempts fail com-

pletely as well (the last two rows). Two-step generation procedure described above which

involves partial sampling from the first group of pixels is also used in this particular case.

The left figure, however, corresponds to upscaling from a more informative 16× 16 input, so

only missing image pixels were sampled. Unexpectedly, the 4 × 4 model, which has better

bits-per-dim score and which is expected to model the ranges of connectivity that are longer

than in 2× 2 model, demonstrates much noisier performance with occasional artifacts.

The same claims and even more can be made against the Figure 4-6(a) where 8 × 8 model

upsamples 16× 16 input image. The noisiness gets even worse which, again, seems strange

since the model performance in terms of negative log-likelihood is the best out of all consid-

ered Block PixelCNNs. Figure 4-6(b) also suffers from extreme noisiness in addition to poor

object reconstruction.

Insights obtained both from the log-likelihood tests in Table 4.3 and generation tests in Fig-

ure 4-4, Figure 4-5 and Figure 4-6 give a lot to think about. In particular, upscaling of 16×16

subsampled images rises the question why the models that are supposed to be stronger and

be able to model long dependencies between image pixels visually perform worse than the

model that captures mostly local dependencies. The possible answer may be that good log-

likelihood does not always correspond to generation of plausible images [Theis et al., 2015].

The larger the block size gets, the more the model seems to overfit and benefit not from

modeling local connections but rather from modeling global connections on average. From

this point of view 2× 2 block structure can be seen as a form of a model regularization and,

as long as the pixels of the first group are modeled well enough, can potentially win from

the visual perspective.

4.3.2 Comparison to the state of the art

Since Block PixelCNN with within-group interaction demonstrated better log-likelihood, we

chose it for comparison with other generative image models. For simplicity of notation, we

will no longer explicitly state that within-group interaction will be used.

The results for the CIFAR-10 and ImageNet datasets can be found in Table 4.4 and Table 4.5

respectively.
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(a) upscaling inputs downsampled to 16 × 16
pixels

(b) upscaling inputs downsampled to 4×4 pix-
els

Figure 4-5: Upscaling results for random downsampled test images obtained by the Block
PixelCNN 4× 4 model with within-group interactions. Columns are organized in a manner
similar to Figure 4-4.

(a) upscaling inputs downsampled to 16 × 16
pixels

(b) upscaling inputs downsampled to 8×8 pix-
els

Figure 4-6: Upscaling results for random downsampled test images obtained by the Block
PixelCNN 8× 8 model with within-group interactions. Columns are organized in a manner
similar to Figure 4-4.

48



Model bits per dim
Deep Diffusion [Sohl-Dickstein et al., 2015] ≤ 5.40
NICE [Dinh et al., 2014] 4.48
DRAW [Gregor et al., 2015] ≤ 4.13
Deep GMMs [Oord and Schrauwen, 2014a] 4.00
ConvDRAW [Gregor et al., 2016] ≤ 3.58
Real NVP [Dinh et al., 2016] 3.49
Block PixelCNN 2× 2 ≤ 3.33
Pyramid PixelCNN [Kolesnikov and Lampert, 2017] 3.32
Block PixelCNN 4× 4 ≤ 3.25
Block PixelCNN 8× 8 ≤ 3.25
PixelCNN [Oord et al., 2016c] 3.14
VAE with IAF [Kingma et al., 2016] ≤ 3.11
Gated PixelCNN [Oord et al., 2016b] 3.03
PixelRNN [Oord et al., 2016c] 3.00
Grayscale PixelCNN [Kolesnikov and Lampert, 2017] ≤ 2.98
DenseNet VLAE [Chen et al., 2016] ≤ 2.95
PixelCNN++ [Salimans et al., 2017] 2.92

Table 4.4: Negative log-likelihood for different generative models on CIFAR-10 test set
measured as bits per dimension.

CIFAR-10

As one can see in Table 4.4, except for VAE with IAF [Kingma et al., 2016], all models

that demonstrated better log-likelihood results are either PixelCNN-type models or they use

one for generating image pixels. Most importantly, they do not make any independence

assumptions and, thus, are predictably stronger than the models that deliberately break

some of the pixel connections. At the same time all Block PixelCNN models are considerably

better than any other non-pixel-autoregressive generative model, except for VAE with IAF

which uses generator p(x|z1:T ) conditioned on an autoregressive hierarchy of latent variables

z1:T modelled by PixelCNNs (see Chapter 2).

Since the score for Multiscale PixelCNN on CIFAR-10 was not provided, this model currently

cannot be compared to Block PixelCNN 2× 2 which has the same group structure over the

image pixels. However, the Pyramid PixelCNN which models upscaling with factor 2 and

which is very similar to Multiscale PixelCNN, demonstrates results that are on par with

Block PixelCNN 2× 2 and worse than Block PixelCNN 4× 4 and Block PixelCNN 8× 8. It

is escpecially important since neither of Block PixelCNNs considers pixels of the first group to
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Model bits per dim
ConvDRAW [Gregor et al., 2016] 4.40
Real NVP [Dinh et al., 2016] 4.28
Block PixelCNN 2× 2 ≤ 4.12
Multiscale PixelCNN [Reed et al., 2017] 3.95
PixelRNN [Oord et al., 2016c] 3.86
PixelCNN [Oord et al., 2016c] 3.83

Table 4.5: Negative log-likelihood for different generative models on ImageNet 32× 32 test
set measured as bits per dimension.

be fully autoregressive, while both Multiscale PixelCNN and Pyramid PixelCNN use shallow

full PixelCNN to model images of the base resolution. These base resolution images from

which they start upscaling, in fact, correspond to pixels of the first group in Block PixelCNN

models. In addition to that, Pyramid PixelCNN, similarly to Multiscale PixelCNN, uses

multiple PixelCNN-type networks for upscaling, while all our Block PixelCNN models are

learned using a single PixelCNN-type neural network.

ImageNet 32× 32

Table 4.5 demonstrates bits per dimension obtained by generative image models which were

trained on 32×32 version of ImageNet dataset. Similarly to CIFAR-10, our Block PixelCNN

outperforms all non-pixel-autoregressive models but it is expectedly worse than PixelCNN

and PixelRNN models. Its negative log-likelihood is also worse than that of Multiscale

PixelCNN, however, some aspects need to be taken into consideration. First of all, as

it has been mentioned above, Block PixelCNN in its current version factorizes pixels of

the first group in the same way it factorizes pixels in other groups. It means that there

is a limited autoregressive dependency between pixels of the first group in each of the non-

overlapping quadrants of the image. On the contrary, Multiscale PixelCNN starts from a fully

autoregressive model over the pixels of the first group followed by upscaling model that breaks

some dependencies in subsequent groups. As it has been demonstrated in Table 4.3, pixels of

the first group contribute significantly to the total log-likelihood estimation. It implies that

the log-likelihood of Block PixelCNNs can be further improved by inducing a fully-dependant

autoregressive structure over the pixels of the first group. Secondly, results reported in
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Table 4.5 for the Multiscale PixelCNN were obtained by learning a class-conditional image

model. While in another work [Oord et al., 2016b] the authors claimed that they did not

observe ”big differences” in log-likelihood results between unconditional and class-conditional

Gated PixelCNN models on ImageNet, it is not clear what was the exact difference then and

how big would be the difference for Multiscale PixelCNN now that some dependencies get

broken. Finally, it is not clear what was the hardware setup used for training this model. In

the paper [Oord et al., 2016b] that preceded Multiscale PixelCNN and has common authors,

it was stated that 32 GPUs were used with only 4 training examples per GPU (minibatch of

size 128 in total). In this work, due to limited amount of available hardware, Block PixelCNN

was trained on a single GPU and with minibatch size 32. Smaller minibatches led to unstable

training which can be explained by high variability in data that causes poor gradients if the

number of processed objects per optimization step is too small. As a result, the number of

parameters in the ImageNet model was even smaller than the number of parameters in any

of the CIFAR-10 models.

Discussion

As one can notice, bits per dimension for all Block PixelCNN models in Table 4.4 and

Table 4.5 are mentioned with the sign ”≤”. This was done because all these results reflect

capabilities of the proposed models but not their full potential. Due to the limiting amount of

available GPUs and necessity to train a lot of models simultaneously, none of the mentioned

Block PixelCNNs was trained to the state when it would have started to overfit noticeably.

All of the models discussed in this chapter continue to improve their results, very slowly but

steadily. For reference, on CIFAR-10 PixelCNN++, that was used for implementation of

Block PixelCNN, requires 10 hours of training on 8 Maxwell TITAN X GPUs to achieve 3.0

bits per dimension and 5 more days to fall by the remaining 0.08.

Several steps for improving the current version of Block PixelCNN could be taken to boost

its performance. One of them is complete autoregressive modeling of pixels of the first group

since it is the most expensive part of the proposed generative model, as has been shown in

Table 4.3. This step is crucial for a pure generation task since broken dependencies within the

first group will result in generation of uncorrelated image patches which was already seen in
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Figure 4-4(b). For improvement of the quality of the generated samples conditional version

of Block PixelCNN could be trained, as it seems to benefit other PixelCNN-type models

a lot [Oord et al., 2016b, Salimans et al., 2017]. Architecture optimization, especially in

the implementation of the proposed block dilated convolutions, could possibly improve the

training of the proposed models considerably, since in the current implementation there are

a lot of extra computations and unused intermediate feature maps due to internal paddings

and shifting of feature maps. Finally, another step could be to use multiple GPUs for

training, especially for ImageNet dataset, since preliminary experiments demonstrate positive

responses from the models after an increase in the number of network parameters.
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Chapter 5

Conclusion and future work

In this thesis a Block PixelCNN model has been proposed that combines approaches of

Multiscale PixelCNN and PixelCNN models. The main reason the development of such

a model became a topic of interest was that the regular block structure induced over the

image pixels by Multiscale PixelCNN could not be easily reformulated in terms of the original

PixelCNN, where all pixels were modelled as a sequence in a raster scan order. This has

led to a gap between these models. The main goal we pursued during this research was

to obtain a flexible educational model that would allow active exploration of the properties

of PixelCNN-type models with different connectivity lengths and would possibly give us an

insight whether there is a preferable structure over the image pixels.

Resulting Block PixelCNN model has the desired property of flexibility, both in terms of

group structure and training simplicity. This allowed us to consider connectivity patterns

structured into regular square blocks of the sizes 2 × 2, 4 × 4 and 8 × 8. Other block sizes

can also be considered by this model but they were left out of scope due to limited time and

hardware. The trained models demonstrated competitive log-likelihood on CIFAR-10 and

downsized ImageNet datasets. Generation capabilities of Block PixelCNNs were tested on

the upscaling task. Visual quality of the samples generated by Block PixelCNNs of different

block sizes from different input resolutions, in addition to analysis of contribution to log-

likelihood by the groups for different block sizes, gave us some insights into how the number

of groups and, as a result, the length of pixel dependency affect the model performance.

At this point it seems possible to conclude that shorter local dependencies allow for a more
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accurate and detailed image generation, as long as image context and structure is captured

well enough by the pixels of the first group. Log-likelihood performance of such model at the

same time might be good enough but not the best comparing to other models. Multiscale

approach in Multiscale PixelCNN and Pyramid PixelCNN that also exploits these short-

range dependencies but learns them separately for each image scale seems from this point

of view to be a quite efficient strategy, especially since at the lowest resolution the image is

modelled in a fully autoregressive manner at a relatively cheap price.

Current version of Block PixelCNN can be further improved taking into consideration

the outcome of the experiments and the insights gained in this research. It would be in-

teresting to see how bits-per-dim on the first group and in total would change if the first

group was modelled without any independence assumptions, would it change the generation

performance for models with larger number of groups. Another direction for model modifi-

cation could be an introduction of global image information to condition on, to see whether

it could make up for broken dependencies in the first group. These two approaches can be

applied separately and compared to each other and after that combined to get a more pow-

erful model. Finally, a number of improvements could be made in the implementation of the

model to optimize the training performance. All these ideas for further model development

are left for future work.

54



Bibliography

[Abadi et al., 2015] Abadi, M., Agarwal, A., Barham, P., Brevdo, E., Chen, Z., Citro, C.,
Corrado, G. S., Davis, A., Dean, J., Devin, M., Ghemawat, S., Goodfellow, I., Harp,
A., Irving, G., Isard, M., Jia, Y., Jozefowicz, R., Kaiser, L., Kudlur, M., Levenberg,
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